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Abstract 

 

I investigate the two main requirements for falsificationism to succeed: qualitative 

predictions and quantitative predictions which can be tested precisely. Neither of these are 

found to feature prominently in the practice of modern physical science. I then investigate 

whether a criterion exists which can enable quantitative predictions to be tested; this requires 

a survey of how measurement is carried out in science, which leads to an investigation of 

uncertainty, and how it has been dealt with in history; specifically, the rise of the Normal 

(Gaussian) distribution as the assumed distribution of random errors, and the problems this 

poses for choosing such a criterion. Lastly I look into the implications of all this for the 

concept of scientific truth.      
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1. Introduction 

 

This dissertation continues and expands on the investigation into the relationship between 

falsificationism and science commenced in my essay, “Can Theories be Falsified by 

Experiment?” [Grozier 2012b]. In that essay, I pointed out that, for at least a large section of 

modern scientific activity, predictions made by theories are quantitative, not qualitative, and 

that this means they cannot be simply falsified by experimental measurements, only assigned 

probabilities of being true, and that uncertainties in measurements are usually assumed to 

follow a normal distribution, for which there is no deviation from the mean to which a zero 

probability (required for falsification) is assigned. Hence I concluded that falsification was 

not possible without some threshold deviation which would be considered sufficiently 

unlikely to reject the theory. 

 

In the current work, I will examine some of the themes of the essay in greater detail: firstly 

the question of qualitative and quantitative predictions, and whether, if the former do exist, 

they can be falsified; also the question of how we measure things, and what the results of 

measurement consist of. This brings us into the realm of uncertainty
1
, and I will look at this 

in a historical context, tracing the development of the current paradigm of normally 

distributed random uncertainties from its roots in the late 18
th

 century. In particular I will 

want to ask whether, in the absence of a falsifying procedure that is independent of scientists’ 

individual judgement, there is a generally agreed criterion that is, was, or can be, used to test 

theories. All of this then leads us to an investigation of the question of “truth” in science, and 

whether it is a useful concept.    

 

This dissertation, by its very nature, relies heavily on the existing literature; I have done no 

fieldwork, although I have drawn on my personal experience of working in a scientific 

community for about ten years. The major sources I have used for the work on measurement 

are Bridgman, Campbell and Kyburg. The historical work on statistics and uncertainty is 

largely based around the two volumes by Stigler and the one by Hald. I have also done some 

archive research, which unfortunately only led to further questions. (See p21). 

 

2 Quantitative and Qualitative 

 

My argument about the insufficiency of Popper’s falsificationist criterion can be summarised 

by saying that his remarks are meaningful only when applied to qualitative predicates, 

whereas modern (physical) science concerns itself with quantitative statements. What has 

been said in the literature about this distinction between qualitative and quantitative? 

 

Carnap divides concepts into three kinds: classificatory, comparative, and quantitative. Later 

he groups the first two categories together under the heading “qualitative”, and counterposes 

them to “quantitative” concepts. These categories require different languages. Qualitative 

concepts, he says, are “restricted to predicates”, whereas quantitative concepts require functor 

symbols – functions with numerical values [Carnap p59]. For a group of objects to be 

measurable, they must be put into a “quasiserial order”. This requires two relations, an 

equality relation and a < or > relation. 

 

                                                           
1
 I use “uncertainty” and “error” interchangeably in this document. The former is the term preferred nowadays – 

at least by scientists – but where historical literature uses the latter, I will go with the flow. 
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Hempel and Oppenheim use the term “purely qualitative predicate” to distinguish the types of 

properties that are potentially applicable to all members of a class of objects, from those 

which refer only to particular objects. They also use the term “purely universal predicate” 

interchangeably with this. They give examples of purely qualitative predicates, including 

“soft”, “green”, “liquid” and “electrically charged”, while “medieval”, “lunar” and “arctic” 

are given as examples of predicates that are not purely qualitative because they imply 

reference to some particular body or thing: the middle ages, the moon, the arctic [Hempel and 

Oppenheim p22].  

 

Ellis defines a “quantity” as “a property that admits of degrees” [Ellis p24]. He distinguishes 

this from a “quality”. Again he stipulates the need for =, < and > relations. However he says 

that two objects can possess “qualitative equality” (if, e.g., they are the same shape or colour) 

but there is no corresponding ordering because < and > are meaningless in relation to 

properties such as shape and colour.  

 

Norman Campbell speaks of measurable properties, and properties that cannot be measured. 

Again he cites colour and shape in this latter category, along with taste. He too emphasises 

the importance of ordering for measurement. However he uses the term “quality” in an 

unusual sense, to describe certain “derived magnitudes” (magnitudes that require the 

measurement of two or more “fundamental” magnitudes) such as density. I think that what he 

means in the case of density is that it is a property of a material and not just of a particular 

object, echoing Hempel and Oppenheim’s use of the term “purely qualitative predicate”. He 

also says it is “generally true” that this applies to all derived magnitudes [Campbell p14], but 

I am not convinced of that. 

 

But are there not hypotheses in modern science that make genuinely qualitative predictions, 

which are therefore falsifiable? There may well be, especially in the less “exact” sciences 

such as psychology. For Ellis, presumably, hypotheses that give predictions which involve 

the kind of qualities that can be judged to be capable of “qualitative equality” might be 

included in that category. But for Popper, falsifiability is supposed to be a necessary 

condition for any science, so if falsificationism is shown not to apply in one small area, that is 

enough to discredit it.  

 

Very often, we find that scientific statements are made in a way that makes them appear 

qualitative when in fact they are not. I mentioned some examples of this in my essay. Another 

is “electrically charged”, which Hempel and Oppenheim classify as qualitative. How would 

we determine whether a body were electrically charged? Well, we would have to measure it, 

and most macroscopic objects would register a charge of approximately zero, but if we were 

able to measure sensitively enough, we would almost certainly register a non-zero charge. 

Only at the scale of sub-atomic particles, where we regard charge as quantised, could we 

make a clear distinction. So, in most contexts, “electrically charged” is not a very useful 

concept, but “electrically neutral” is; however it is a quantitative concept – it is saying that 

the object has a charge of precisely zero. 

 

Thomas Kuhn, in his paper The Function of Measurement in Modern Physical Science, refers 

to “qualitative anomalies” [Kuhn p182] in such a way as to draw a distinction between such 

anomalies and what he calls “quantitative discrepancies”, but does not really define either. He 

does give an example, though, from which we can make a guess. He tells us that “it was well 

known, long before Lavoisier, that some metals gain weight when they are calcined” [Kuhn 

p183] and then refers to this as a qualitative discrepancy in terms of the phlogiston theory, 
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which described combustion as a process in which metals lose something (phlogiston). Kuhn 

wants to describe the phlogiston theory’s prediction of the weight loss on calcination as a 

qualitative prediction because no numerical value is given. But the statement is effectively 

the same as saying that the weight loss is greater than zero; and zero is just as much a number 

as any other. Likewise, the observation that some metals gain weight when they are calcined 

is equivalent to saying that their weight loss is less than zero; but such observations must be 

accompanied by an uncertainty, and there is no reason why, when the overall uncertainty is 

computed, it should not be numerically larger than the weight gain, which would then allow 

for the possibility that the phlogiston theory is correct. I am not saying here that such 

observations were necessarily expressed in that way in Lavoisier’s time, but my interest here 

is less historical than Kuhn’s, and I am using his paper as an attempt to find out whether there 

are genuinely qualitative predictions in modern science. In terms of that endeavour it is surely 

sufficient for me to point out that there is no substantial difference between what Kuhn 

describes as a qualitative prediction and what I call a quantitative prediction. 

 

Elsewhere in the paper, Kuhn cites Boyle’s experiments on the pressure and volume of a gas 

as giving rise to an “observed qualitative regularity” which then led to a quantitative law 

[Kuhn p175]. It is not at all clear here what the distinction is between a qualitative regularity 

and a quantitative law. Kuhn does not state exactly what the qualitative regularity is, but it 

can surely only be something of the form “the volume of a (fixed mass of) gas (at a constant 

temperature) decreases when the pressure increases”. In the same way as with the calcination 

of metals, this can be stated in the equivalent form “the change in volume of a (fixed mass of) 

gas (at a constant temperature) when the pressure is increased is less than zero”. We can see 

that, while this may be less exact than a statement of what the change in volume will actually 

be in terms of the change in pressure and other factors, it is still quantitative. More 

importantly, there is no reason why, even if we choose to call such a statement “qualitative”, 

it should be falsifiable, since, in the event of an increase in volume being recorded, the 

uncertainty associated with that increase might still be numerically greater than the increase 

itself. 

 

Of course, there are such things as qualitative observations, and I agree with Kuhn that the 

earlier phases of a science consist of recording such observations, and only later does 

measurement appear so that the observations become quantitative. One example Kuhn gives 

of an early scientific discovery is Galvani’s observation of the twitching of frogs’ legs when 

near an electrical machine, and this would seem to fit the bill for a qualitative observation, 

since as far as I am aware no measurement was made of the twitching. But my concern here 

is whether there are such things as qualitative predictions in science, since if there were, they 

would be open to falsification in a way that quantitative predictions are not. Suppose a theory 

had preceded Galvani’s experiments, and predicted that frogs’ legs would twitch in such 

circumstances. In order to test that prediction, we would need to have some idea of how much 

they are likely to twitch (and in particular, whether the twitch would be large enough to be 

detected by the apparatus available) and how near the electrical machine would need to be. In 

other words, the prediction needs to be quantitative. The original qualitative “prediction” is 

too vague to be useful. To be sure, this would not stop people looking for the predicted effect, 

but at the end of the day it would not be possible to falsify it.    

 

Putting Kuhn’s slightly odd interpretation of “qualitative” to one side in favour of the sort of 

qualities suggested by Ellis – colour and shape – it is still worth asking whether there can be 

qualitative predictions. As regards colour, it is not easy to imagine how a prediction that a 

given object will have a certain colour can be falsified, since, even without adopting a 
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wavelength-based (and thus quantitative) definition of colour, it is clear that colours form a 

continuum, so it is never clear under what circumstances two objects could be said to be the 

same colour. With shape, the situation looks more hopeful: a theory might predict that an 

object (say a molecule) is hexagonal in shape, but if it becomes clear from observation that 

the molecule is only 5-sided, then the theory is clearly falsified: a five-sided molecule is 

never going to approximate to a six-sided one. From this I am tempted to conclude that the 

sort of theories that make predictions about shape might tend to be falsifiable, and to 

generalise this to any property which can be put in a one-to-one relation with the natural 

numbers, since the natural numbers do not form a continuum and can always be distinguished 

from one another.   

 

3. Falsifiability of Quantitative Predictions 

 

In the essay, I pointed out that Popper used the Eddington eclipse experiment of 1919 as an 

example of how science is supposed to work. He said that general relativity could have been 

falsified by this experiment: “If observation shows that the predicted effect is definitely 

absent, then the theory is simply refuted” [Popper p36].  

 

In the introduction to their paper about this experiment, Relativity and Eclipses: The British 

Eclipse Expeditions of 1919 and their Predecessors, Earman and Glymour state that  

“Einstein predicted … that starlight is bent by the gravitational field of the sun” [Earman and 

Glymour p49]. That statement looks qualitative: gravity possesses the quality of bending 

starlight. But if that was the prediction, how exactly was it to be falsified? Only a deflection 

of precisely zero could falsify it; but we know that measured quantities are never precise. 

Popper seems not to have understood that his criterion for falsifying general relativity (that 

“the predicted effect is definitely absent”), relied on such an unattainable result.  

 

On the other hand, the converse statement – that the deflection is zero – would be falsifiable 

if we could accept some threshold uncertainty in the measurement; but then it is quantitative, 

not qualitative. This lack of symmetry between apparently similar statements – that gravity 

does, or does not, bend light, or that a body is, or is not, electrically charged – whereby the 

latter is judged to be falsifiable, and thus scientific, while the former is not, ought to make us 

sceptical of the merits of falsificationism.      

 

Philosophers do not always seem to have appreciated this. Besides the statement by Popper, 

quoted above, implying that is is possible for an experiment to show that an effect is 

“definitely absent”, there appears to have been an unquestioning acceptance on the part of 

most philosophers that falsification of quantitative predictions is possible and that 

falisficationism is therefore a legitimate philosophy, notwithstanding various other charges 

that have been levelled against it. Thus, for instance, Clark Glymour claims that a 

hypothetical relationship between the pressure, volume and temperature of a given sample of 

gas, namely        with k an unknown constant, can be tested by taking just two sets of 

values of P, V and T, and using the first set to determine k, “and using the value [for] k thus 

obtained, together with the  second set of values for P, V and T either to instantiate or to 

contradict the hypothesis” [Glymour p111]. Simple! If only he had told scientists they had no 

need to bother with graphs or curve-fitting algorithms – to say nothing of uncertainty 

estimation! 

 

Thomas Kuhn said of Newton’s Laws that if certain aspects of the experimental situation “are 

neglected, only the roughest sort of quantitative agreement between theory and observation 
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can be expected” [Kuhn p170], which leads one to wonder how he defined the “roughest 

agreement”, and even suggests that he thought that if these aspects were not neglected, some 

other sort of agreement – perhaps even Popper’s “complete assurance” [Grozier 2012b, p6] – 

might be possible. Yet Kuhn clearly did not think this; his scientific experience had taught 

him of the impossibility of such complete assurance, as evidenced by his statement in the 

same paper that “exact or numerical agreement is impossible in principle” [Kuhn p165]. One 

can only assume that, inasmuch as Kuhn and others embraced falsificationism, it was on the 

basis of an implicit assumption that a criterion existed to make such comparisons possible. 

But it is surely not good to base one’s philosophy on implicit assumptions!   

 

4. Measurement 

 

Having established that, while there are qualitative predictions, they are generally not 

falsifiable, and that the majority of predictions in modern physical science are quantitative, 

the next step is to enquire how such predictions can be tested, which brings us to the subject 

of measurement. It is a topic on which very little has been written, which is surprising given 

the key role of measurement in science. Probably it is considered so simple and obvious that 

there is nothing to write about – or rather, there are far more interesting things for scientists 

and philosophers to spend their time on. Much of what has been said about the subject 

appears in two books from the 1920s by Percy Bridgman and Norman Campbell.   

 

Bridgman, who did pioneering work in the measurement of high pressures, was concerned 

that the various techniques required at different points on the scale might not actually be 

measuring the same thing; writing in the 1920s, he was also concerned about the concept of 

“unobservables” that was emerging from the new quantum theory. Consequently he preferred 

to actually define quantities in terms of how they were measured, an approach which he 

called operationalism.  

 

Operationalism “is based on the intuition that we do not know the meaning of a concept 

unless we have a method of measurement for it” [Chang 2009]. Carnap agrees with this: “In 

order to give meaning to such terms as length and temperature we must have rules for the 

process of measuring” [Carnap p62]. Given that, Bridgman’s rules of measurement are 

surprisingly vague; he simply says, in the case of the measurement of length, that one places 

the measuring rod so that one end of it coincides with one end of the thing to be measured; 

marks the position of the other end of the measuring rod on the object; then moves the rod 

along so that its other end comes into line with the mark; and so on, with the length being the 

total number of times the rod was applied [Bridgman p9-10]. He does not tell us what to do if 

the last application of the rod does not result in the end of the object lining up with the end of 

the rod. He then goes on to discuss corrections for temperature, gravitational distortion, etc. 

so he is clearly finished with specifying the basic method. 

 

Campbell goes further. He includes the possibility, not just of using multiples of a standard 

unit (which together form what he calls a standard series (s.s.)), but of subdividing the basic 

unit to form a smaller sub-unit, and subdividing the sub-unit so formed, and so on; a set of 

multiples of each unit or sub-unit is known as a partial standard series (p.s.s.) and the union 

of all these partial standard series gives a set of standards which can be used to assign a value 

to any quantity. He then says that “we shall find nearly (but not quite) always that every 

member of [the set of possible magnitudes] = some combination of members of the s.s.” 

[Campbell p18]. So he thinks that it is usually possible to be precise, but sometimes it isn’t. 

Later he revises this opinion, to allow for experimental uncertainty. 
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Campbell rules out the possibility of a measurement being expressed by an irrational number. 

But how do we know that the quantities we measure, if indeed they have an existence 

independent of us, are not irrational numbers? We know that irrational numbers do occur in 

nature – for instance, the ratio of the circumference of a circle to its radius, or of the diagonal 

of a square to its side, are irrational; so why should not any quantity we measure? More 

importantly, there surely cannot be any means by which we might ascertain that quantities are 

not irrational; Norman Feather tells us that “the ratio of incommensurables (as an arbitrarily 

chosen unit length and any other length must generally be) cannot be exactly expressed in the 

decimal notation by digits in a finite array” [Feather p10]. Since clearly a measurement 

cannot be an irrational number, a discrepancy between a measurement and the quantity to be 

measured appears inevitable – unless we accept operationalism wholeheartedly, and regard 

the concept of the “true” value of a quantity, as opposed to measurements we make of it, as 

simply meaningless. 

 

But in any case, the comparison we make, when we test theories, is of course between the 

measurement and the predicted value. And a predicted value may be irrational. Consider a 

test of the theoretical formula for the period of a pendulum, 

 

    √
 

  
       (1) 

 

where T is the period, l is the length of the pendulum and g is the acceleration due to gravity 

at the location of the pendulum. Both l and g are measured values (we will come to another 

consequence of that fact in a moment) and hence rational, but the square root of their quotient 

may be rational or irrational. Certainly the product of this number with an irrational number, 

π, must be irrational. So there cannot be complete agreement there.
2
  Incidentally, Carnap 

does appear to think that a measurement can be an irrational number; he says that 

measurement “gives not only values that can be expressed by rational numbers, but also 

values that can be expressed by irrational numbers” [Carnap p62]. However he does not 

explain how this might be done.  

 

5. Uncertainty about Uncertainty 

 

C. Ulises Moulines laments the fact that the approximate nature of scientific measurements  

“is taken by systematic accounts in the philosophy of science as an uninteresting accidental 

feature of the scientific enterprise – something not really belonging to the 'essence' of 

science” [Moulines p202]. This unfortunately sums up the general consensus rather well; and 

when the question does arise, it is often for the wrong reason. Paul Teller, for instance, says 

that the idea that we can have complete precision is “a mirage”; as an example he cites the 

statement that “John’s height is six feet precisely” [Teller p468]. But he attacks this statement 

on the wrong grounds. He points out that the height of a person is dependent on posture, hair, 

dandruff etc. Then, rather bizarrely, he enlists special relativity, implying that the statement is 

imprecise because we have not specified the reference frame in which he is to be measured.   

 

                                                           
2 Moulines points out that this formula is itself actually an approximation to a more complicated one, which is in 

turn a truncation of an infinite series [Moulines p204]. But the original term already discussed, which contains 

the irrational numbers, is a common factor, so my argument still holds. 
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We can get rid of these unnecessary distractions from the main point by imagining that 

“John” is a statue, and that his height can be defined unambiguously by reference to a point 

on the top of his head; and that our measuring procedure involves placing John on a level 

floor, placing a spirit level on the designated point, and holding it level, then measuring the 

height of the spirit level above the floor, while remaining stationary with respect to John. 

 

Will we then be able to make a precise statement about John’s height? No. The source of the 

imprecision is nothing to do with hair, posture or any of the other aspects Teller mentions. It 

is in the very act of measuring. If we use a ruler with a vernier scale, we might be able to 

measure his height to within a tenth of a millimetre. But “within a tenth of a millimetre” is 

not the same thing as “precise”. We might be able to get better precision with a more 

sophisticated measuring device, perhaps employing a laser. But that would still be precise 

only to within the wavelength of the light used. Whatever method we use will, at the end of 

the day, be equivalent to lining up two marks – one on the thing to be measured, the other on 

the measuring device. As the desired precision increases, the marks get thinner and the 

probability of them coinciding decreases. 

 

But surely, as in the example Teller gives, we can quote upper and lower bounds? Surely we 

can at least say that John’s height is between three and nine feet, assuming, as Teller tells us, 

that we are using a tape measure that ought at least to be accurate to the nearest foot? 

 

That would seem reasonable, though of limited use unless we are trying to assess whether 

John will fit into a box ten feet high. But as a matter of fact, the conventional way of quoting 

a scientific measurement does not allow us to say even that with 100% confidence. We might 

express the above verbal statement formally as  

 

HJohn = (6  3) feet. 

 

This can be translated back into the original verbal format as follows: 

 

John’s height is between (6 – 3 = 3) feet and (6 + 3 = 9) feet 

 

But if a scientist quotes a measurement in this way, it is normally understood in a quite 

different way, namely that the number given after the  sign is a parameter representing the 

experimental uncertainty, and that the uncertainty follows a normal distribution, so that the 

probability that John’s height lies between the bounds given is only about 68%, and not 

100%, as the former statement implies. 

 

6. Bounded or Unbounded? 
 

The debate about the nature of measurement errors goes back at least to Campbell. Although 

Campbell’s meticulous description of measurement implies initially that we can “nearly 

always” find a combination of standards that equals the thing to be measured, he later accepts 

that this is not possible. He mentions two kinds of error – “regular” and “irregular”, which 

correspond to what are now referred to as systematic and random uncertainties. Campbell 

concentrates on the latter, because, while he accepts that there are “accurate instruments … 

that are free from regular error”, “no instrument or method of measurement is free from 

irregular error” [Campbell p136]. He treats this “irregular error” as the width of an interval 

with definite bounds, whose magnitude is defined as 2Em [Campbell p140] and is 

characteristic of the measuring instrument. He then points out that “measurement is 
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essentially discontinuous”, and that the members of the standard series from which 

measurements are chosen should be separated by an amount between Em and 2Em in order to 

ensure that every measurement yields a unique value.  

 

I have earlier pointed out [Grozier 2012b, p4] that Popper described the error interval as 

having “unsharp bounds”, and I claimed that this was consistent with the modern view that 

the error is a random variable following a Gaussian probability distribution. However, 

Campbell does not accept this view; in fact he rejects the Gaussian theory of error “without 

qualification and with the utmost possible emphasis” [Campbell p162]. His reasons for this 

rejection are twofold. One is that because measurement is a discontinuous process, it cannot 

be represented by a continuous function such as the Gaussian (Normal) probability density 

function, which in its standard form is given by [e.g. Hoel p77] 

 

 ( )   
 

 √  
  

 

 
(
   

 
)
 

 ;    (2) 

 

the other reason is because “it sets no limit to the maximum error” [Campbell p162].  

 

The first reason seems to rest on a rather arcane interpretation of the theory, and we can 

surely overcome it if we make it clear that f(x) above defines a probability density such that, 

if it were possible for the measuring instrument to record a value x (in other words, if x were 

one of the finite number of possible results of a measurement of ), the probability of making 

a measurement in a small region dx surrounding x would be given by f(x)dx. Paul Hoel, in An 

Introduction to Mathematical Statistics, while not rejecting the Gaussian, still feels the need 

to insert a disclaimer, pointing out that although “such variables as weights, lengths, 

temperatures and velocities are considered to be continuous”, in reality “all such variables are 

discrete because whatever measuring device is used it is of limited reading accuracy; 

however it is mathematically convenient to assume that no such limitation exists” [Hoel p40]. 

I agree with him, although he omits to add that, when we fit experimental data to a theoretical 

probability distribution, there is a further constraint: if the data were limited only by the 

“reading accuracy” (i.e. precision) of the measuring device, we would not be able to draw 

histograms – they would consist only of sets of vertical lines with little discernible shape. In 

order to fit a distribution it is necessary to bin one’s data into much larger categories – 

mathematically, into a set of adjacent intervals, which effectively masks the discrete nature of 

the data. 

 

Campbell’s second objection, however, seems fair enough. Here is how he illustrates the 

problem:  

 

“It may be true that in performing the operations of filling a litre flask there are no limits to 

the mistakes I might make; I might put in no liquid at all, or put in so much that it 

overflowed. But I could not possibly fail to realise that I had made mistakes in such extreme 

cases … the idea that I could make an error of any size, and overlook it, destroys the 

foundation of all possible theories of measurement” [Campbell p160; my emphasis].
3
 

 

                                                           
3 As well as the pure absurdity of arbitrarily large errors, there are usually other constraints; for instance, 

variables like length, weight and volume cannot be negative, so that a symmetrical distribution like the Normal 

is not really appropriate. For Campbell to measure the liquid in the flask as less than zero would not just be an 

error, it would be an impossibility.  
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This arises from the fact that, as Campbell says, there is no maximum error. However – as 

Kyburg points out – he does not explain how we might redefine the error function so as to 

introduce a maximum [Kyburg p7n]. 

 

Gauss, who (among others) is credited with introducing the normal distribution, was aware of 

this drawback. He said that the function “cannot, it is true, express rigorously the 

probabilities of the errors; for, since the possible errors are in all cases confined within certain 

limits, the probability of errors exceeding those limits ought always to be zero, while our 

formula always gives some value” [Gauss, quoted by Maistrov p154]. He does not offer a 

way round this problem. Stigler points out that, when Gauss first attacked the problem of 

finding a formula for the error curve, one of his assumptions was, indeed, that the function 

“would be zero outside the range of possible errors” [Stigler 1986 p141]. 

 

Kyburg incorporates the concept of uncertainty from the very start. He first establishes a 

problem with the concept of equality, by demonstrating that, when  applied to actual 

measurements, it is not necessarily transitive: two bodies A and B may be measured as 

“equal” in some property (e.g. length), as may bodies B and C, yet A and C may be judged 

unequal. He identifies three possible responses to this: to deny that the property is 

measureable at all; to modify the axioms of measurement so that they do not require equality 

to be transitive; and to treat the axioms as theoretical ideals to which practical measurement 

aspires but does not achieve. He adopts the latter option, and introduces the concept of 

experimental error as the source of discrepancies between the ideal and the reality. He 

complains that error theory “is a respectable subject, but has played a relatively small role in 

treatises on the philosophical analysis of measurement”, observing that Ellis “does not even 

include the entry “error” in his index” [Kyburg p7n]. 

  

Kyburg says that, in making a measurement, we actually record two values: either upper and 

lower bounds for the quantity being measured, or an estimate  ̅ of its value together with an 

uncertainty   . These are usually regarded as two ways of expressing the same thing: in other 

words, that the upper and lower bounds are   ̅     ; however while the rôle of the    in the 

latter expression is usually understood as a parameter – the standard deviation of a normal 

distribution – which represents the uncertainty but is not the uncertainty itself, it could be 

argued that when we express a measurement in terms of upper and lower bounds we are more 

certain that the value lies between the bounds than the 68% probability implied by normally-

distributed uncertainties, in other words that the distribution is more like a rectangular one 

than a Gaussian. Kyburg does say that the statement that a measurement lies between two 

bounds is only “highly probable” [Kyburg p12]. Yet when I observe the position of a mark on 

an object relative to two adjacent marks on a metre rule, I am usually much more than 68% 

confident that the first mark is to the right of the former, and to the left of the latter, unless it 

is very close to one of them. Likewise, Campbell could surely claim to be certain about 

whether or not he had put any water into the flask!  

 

The teaching of scientific techniques does not help to clear up this ambiguity. For instance, 

the treatment given by John Taylor in An Introduction to Error Analysis is fairly typical. He 

says that when measuring a length with a ruler, we choose the mark on the ruler that is closest 

to the end of the item to be measured. We then deduce that the “probable range” of the 

measurement is from half a unit below to half a unit above that mark (where “unit” here 

means the smallest interval available on the ruler). Thus, for instance, if the mark is at 36 mm 

and the divisions are a millimetre apart, the “probable range” is from 35.5 to 36.5 mm. He 

then writes that statement as [Taylor p9] 
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35.5 mm   l   36.5 mm. 

 

There is a discrepancy between these two ways of recording the measurement. The first 

describes the specified range as “probable”; but the use of the symbol “”  – together with the 

statement that the point being measured is closer to the 36 mm mark than the 35 or 37 mm 

marks – implies that we are certain that the length lies within the range. Kyburg appears to be 

able to hold both views simultaneously; he claims that “it may be perfectly reasonable to 

believe of each of 100 ball bearings that its diameter lies between 3.11. and 3.15 mm, and at 

the same time that at least one of these ball bearings fails to satisfy these tolerances” [Kyburg 

p13].  

 

Sometimes the uncertainty is implicit, in that a simple decimal is quoted for the result of a 

measurement, with the understanding that the uncertainty equals one unit in the last decimal 

place given. Hence, if the above measurement were given as simply 36.0 mm, the implied 

uncertainty would be  0.1 mm. Sometimes, however, calculations produce long strings of 

decimals which, if not correctly truncated, can give a misleading impression of precision. 

Thus Lavoisier claimed, in a report of his experiment on the analysis and synthesis of water 

given to the Académie des Sciences in 1784, that a pound of water contained 0.86866273 

pounds of vital air (oxygen) and 0.13133727 pounds of inflammable air (hydrogen), implying 

an uncertainty of only 0.00000001 pounds. But this precision was challenged, notably by 

William Nicholson, who pointed out that the balances used to weigh the gases and the water 

could not deliver such extreme precision, and accused Lavoisier of “an unwarrantable 

pretension to accuracy” [Golinski, pp78-84]. 

 

There is a further ambiguity over the meaning of the symbol “”. Often a statement such as 

that given above is written as  

 

l = (36.0  0.5) mm, 

 

but the precise meaning of  here is rarely specified. It actually has three distinct usages, two 

of which correspond to the interpretations already discussed, whereby the quantity is taken to 

lie in the specified range either with certainty, or with some unspecified probability. The third 

is used where an equation can be interpreted in two different ways depending on some 

previously specified condition; for example,  

 

(  )      
 

tells us that there are two possible values for the term on the left hand side, depending on the 

value of the integer n. If this interpretation were applied to the previous example, it would 

actually mean that l could only take one of the values at the ends of the interval in question, 

namely 35.5 or 36.5 mm! If we wanted to be precise about the report of our measurement, it 

might be better to say something along the lines of  

 

    ̅   (    )  
 

N(0,Δx) being a random variable having a normal distribution with zero mean and standard 

deviation Δx.  
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The question of there being no maximum error is also often “fudged” in textbooks, by 

drawing the Normal curve in such a way that it appears to intersect the x-axis. Figure 1 shows 

a typical example. 

 

 
 

Figure 1: Normal and uniform distributions (from Rabinovich's Measurement Errors - Theory and Practice) 

 

It is actually quite difficult to completely separate the two usages of the uncertainty 

parameter; even if everyone accepts that it is only a parameter, one inevitably finds oneself 

attaching some significance to the question of whether a prediction is inside or outside the 

interval. (Graphs, for instance, are drawn with error bars of length 2). Thus the choice of 

parameter becomes important. Nowadays the standard deviation is, in more than one sense, 

“standard”; but up to the middle of the 20
th

 century, the probable error was more common, 

and was the parameter quoted by Eddington
4
; Earman and Glymour describe probable error 

as “a statistic no longer in use [but] can readily be converted to standard deviations” [Earman 

and Glymour p75]; in fact the probable error is the median error, or the error for which the 

probability is 50%. It is about two-thirds of the standard deviation. Francis Ysidro 

Edgeworth, on the other hand, writing in 1885, expressed deviations in terms of the modulus, 

which is 2 times the standard deviation. Edgeworth devised a significance test in which he 

compared the means of two sets of numbers by ascertaining whether or not they differed by 

more than twice the modulus. As Stigler points out, this was “a rather exacting test” [Stigler 

1986 p311], since twice the modulus is nearly three standard deviations, and the test 

corresponds to a two-sided test at a significance level of 0.5%.  

 

Which one of these parameters we choose is, to some extent, irrelevant since, as they are all 

multiples of one another, whichever one we put into the error-propagation calculations, we 

get the same one out. What is not irrelevant is our interpretation of the initial estimate. It is 

common nowadays to estimate the uncertainty in a measurement and then equate this to the 

standard deviation. But in doing so, we are selling ourselves short. Suppose I measure the 

height of the pile of library books I have taken out for this dissertation and decide that it is 

(65.5 ± 0.5) cm high. I am “confident” that it is between the 65 and 66 cm marks, in other 

words there is a maximum deviation of 0.5 mm. My “confidence” about this is about the same 

                                                           
4 The paper was of course in the names of Dyson, Eddington and Davidson, but will be referred to here as 

simply “Eddington’s paper” for brevity. 
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as Campbell’s confidence that he had put some water into the flask, and that it had not 

overflowed. Hence I ought to equate this 0.5 mm to something in the region of Edgeworth’s 

value of 3, since the associated probability – 99% – is a much better match to my 

“confidence” than the 68% associated with . Thus if the convention is to quote standard 

deviations, I ought to quote the measurement as (65.50  0.17) mm, and this value will then 

affect the uncertainty I quote in any calculation I might perform. But this is rarely, if ever, 

done. 

 

7. Uncertainty of Theoretical Predictions 

 

It is important to note that, when a measurement is being compared with a theoretical 

prediction, both quantities will normally be subject to uncertainty, because the calculation of 

the predicted value depends on quantities that have been previously measured. In the example 

given in (1), both l and g are measured values, and therefore will have uncertainties; hence so 

also will T. The standard formula for calculating the uncertainty in a quantity calculated from 

measured values – assumed to be independent random variables – gives, in this case, 

  

(
  

 
)
 
  

 

 
(
  

 
)
 
 
 

 
(
  

 
)
 

    (3) 

 

Hence the predicted value of T has an uncertainty ΔT which depends on the uncertainties in l 

and g. The latter may be small, but it is not zero, and can never be. So, even if we test the 

formula by varying l, and plotting it against T
2
, to compare the gradient with g/4π

2
, there can 

be no question of an exact match. 

 

To see that this applies to all testable theoretical predictions, imagine a scenario in which no 

scientific experiments have yet been carried out, but God has given us all the laws of nature. 

It is then decided that we must test these laws. We look for a prediction to test; but how can 

the laws produce a physically measurable prediction when we have not yet told God which 

units we are using? We must clearly put some measured quantity (with its uncertainty) into 

the calculation process, in order to get a measurable quantity out (and it will also have an 

uncertainty). Hence the statement in my essay that Popper’s distinction between hypotheses 

that make exact predictions and those that only predict probabilties is a false one – there are 

only “probability hypotheses” [Grozier 2012b, p4]. 

 

As an example of this, we can look at the calculation of the angle through which light is bent 

by the gravitational field of the Sun according to general relativity (GR). Einstein’s prediction 

is usually quoted as simply 1.74 or 1.75 seconds of arc for light just grazing the surface of the 

Sun, as though this were an exact figure, without uncertainty. In fact, the equation used to 

calculate this angle relies on four physical constants which have to be measured, and hence 

all have uncertainties, namely the speed of light c, the gravitational constant G, the solar mass 

Mʘ and the solar radius Rʘ. Cheng gives the formula for the deviation δϕ in radians as [Cheng 

p125] 

 

    
    

   
      (4) 

 
with       for light just grazing the sun. Using the standard formula for error propagation 

as quoted above, there is an uncertainty in δϕ given by 
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        (5) 

 

Thus a 1% uncertainty in the value of c at around the turn of the century – such as that 

suggested by Simon Schaffer in Accurate Measurement is an English Science [Schaffer 

p163], would produce a 2% uncertainty in δϕ even if all the other constants had negligible 

uncertainties; this would mean the predicted value should perhaps have been quoted as (1.74 

 0.02) seconds. There are, of course, cases where the theoretical value actually has a larger 

uncertainty than the experimental value, as in the case of the magnetic moment of the 

electron [Grozier 2012b, p5]. This may explain Kuhn’s statement that “the measure of 

“reasonable agreement” [is] characteristic of the theory” [Kuhn p171; my emphasis] rather 

than it being characteristic of the measuring equipment. 

 

8. How Close? Maxwell and the Speed of Light 

 

Schaffer’s paper, Accurate Measurement is an English Science – in which he surveys late-

19
th

 century attempts to show that the ratio of electromagnetic to electrostatic units was 

identical to the measured value of c from optical experiments, as predicted by Maxwell’s 

theory – is an interesting study of how closely experiment was expected to agree with theory. 

Maxwell, as is well known, provided a mathematical synthesis of electricity and magnetism, 

which complemented, and explained, experimental results obtained earlier in the 19
th

 century 

by Oersted, Ampère, Faraday and others. Prior to Maxwell’s time, however, the theories of 

electricity and magnetism had evolved separately from each other. These theories required 

some notion of how electric charge, electric current and magnetic pole strength were to be 

measured; units were defined, somewhat arbitrarily, in each field, but when the two fields 

were united by Maxwell’s equations it was found that the two systems of units (electrostatic 

and electromagnetic) were incompatible with each other. Nowadays we are familiar with the 

theoretical prediction that, in a format that is independent of the units chosen, the permittivity 

and permeability of free space (written as    and    respectively) are related to the speed of 

light in a vacuum by the equation 

 

   
 

√    
       (6) 

 

However, electromagnetic equations were not routinely written in this way until the late 20
th

 

century; until then, the incompatible electrostatic and electromagnetic units continued in use, 

and it was accepted that the incompatibility manifested itself in the fact that a quantity such 

as electric charge could be measured in either system, and the ratio of the two measurements 

would equal c. In the late 19
th

 century, the comparison of the ratio of the units with the value 

of c obtained from astronomical and terrestrial optical experiments was seen as a test of 

Maxwell’s theory.  

 

Maxwell’s quest to show that these quantities were the same was, however, beset with 

difficulties. Schaffer reports that in his Treatise on Electricity and Magnetism, published in 

1873, Maxwell claimed only that they were “of the same order of magnitude”, but 

nevertheless continued to assert that “our theory …  is certainly not contradicted by the 

comparison of the results such as they are” [Schaffer p159]. William Thomson was more 

sceptical; in 1876 he stated that “the result has to be much closer than has been shown by the 

experiments already made before the suggestion can be accepted”. This leads Schaffer to 



17 
 

wonder “just how close would the marvellous quantity [i.e. the ratio of the units] and light 

speed have to be before such a physicist as Thomson would be satisfed that they were the 

same?” [Schaffer p138]. He does not give an answer; there was – certainly at that time – no 

consensus on the required closeness between a theoretical prediction and an experimental 

value. Actually, of course, this was another example of the fact that theoretical predictions, as 

well as experimental values, have uncertainties; really what was being compared here were 

two experimental results, each of which had a sizeable uncertainty.  

 

Schaffer notes that the attempts to show that these quantities were the same went on after 

Maxwell’s death in 1879; he says that “by the early 1880s values for v [the ratio of the units] 

seemed to be converging around a mean of about 29.6  10
7
 metres per second, matching 

Foucault’s value [for c] of 29.84 [ 10
7
 m/s] rather well” [Schaffer p163] although by the 

time general agreement was reached, another experimental result – the discovery of 

electromagnetic waves by Heinrich Hertz in 1886 – had already provided more convincing 

evidence for Maxwell’s theory. He does not quantify that assessment of “rather well”; we can 

see by doing the maths that the difference between the two values quoted was about 0.8%, 

but we are not given the uncertainties in either measurement, so it is not easy to interpret this. 

Schaffer does manage to find a reference to the uncertainty in an earlier measurement, when 

Maxwell reported the probable error of a dozen runs of the experiment as one-sixth of a 

percent, although that was only achieved by “suppressing almost one-third of his runs” 

because a micrometer had been touched during the observation. If we believe Maxwell’s 

figure, it is clear that most of the discrepancy between v and c was due to systematic error. 

 

Maxwell’s reporting of his uncertainties may have been a departure from the norm of his 

time. Ian Hacking says that “physics outside of astronomy did not report estimates of error 

until the 1890s (or later)” [Hacking p234]. Graeme Gooday disputes this, citing Kathy 

Olesko’s work on German physics in the 19
th

 century, in which she showed “that the 

Germanic practice of error analysis and citation was nurtured in Franz Neumann’s 

Königsberg physical seminars from 1834, and was promulgated throughout German physics 

education and research through the use of such textbooks as Kohlrausch’s Leitfaden der 

practischen Physik” [Gooday p74]. Olesko apparently linked the German interest in error 

analysis with a desire to eliminate “deviation”. In Britain there seems to have been less 

interest in the topic; Ernest Rutherford is said to have remarked that “if your experiment 

needs statistics, you ought to have done a better experiment” – and the rapporteur of this 

remark, Sir Brian Pippard, agrees, whilst lambasting “a tradition that considers no 

measurement complete unless its probable error is stated” – and this in a review published as 

recently as 1993! [Norton Wise pp11,13n] 

 

9. The Eddington Experiment 

 

Earman and Glymour’s paper examines critically the claim that Eddington’s eclipse 

observations (summarised in my essay) confirmed the general theory of relativity and 

falsified the Netwonian theory, by making measurements of the deflection of starlight by the 

sun which were in agreement with Einstein’s theory. Towards the beginning of the paper they 

summarise the problem by saying that “the value of the deflection obtained was significantly 

higher than the value Einstein predicted”. “Significantly” is another problem word, which 

appears to be qualitative but is in fact quantitative – for it to mean anything, one has to 

specify the significance level. Later in the paper, they quote the values of the deflection for 

the two expeditions as (1.61  0.30) and (1.98  0.12) seconds of arc respectively for the 

Principe and Sobral 4-inch telescopes; however they explain that the uncertainties quoted 
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here are probable errors, and convert these to standard deviations to give (1.61  0.44) and 

(1.98  0.18) seconds of arc in modern parlance. (They actually quote the standard deviations 

to three decimal places, which of course is meaningless when the means are quoted to only 

two). Hence their statement that the Sobral 4-inch result (which is considerably more precise 

than that obtained at Principe) is “significantly” higher than Einstein’s prediction of 1.75 

seconds; but it is only significant at the 20% level – meaning that the probability of Einstein 

being right given this result is 20%, not normally considered grounds for rejecting a theory.  

 

The deflections quoted above – both theoretical and observed – are for light just grazing the 

surface of the sun, although of course such light cannot be seen, even during an eclipse. The 

surface, or “limb”, is simply a convenient reference point. After all, the experiment was a test 

of equation (4) and not any particular evaluation of it at a particular value of r. I mention this 

because Deborah Mayo [Mayo p281] criticises Eddington for violating “use-novelty” – the 

requirement that the evidence should not be used in the construction of the hypothesis [Mayo 

p258]. But she is confusing the hypothesis with the prediction. It is fairly normal in modern 

science for the interface between observation and theory to be placed at some arbitrary 

intermediate point between the two, and no principles are violated by so doing.
5
 

 

In Eddington’s paper he does not speak of confirming or falsifying theories in absolute terms; 

the language used is rather vague. He says that the two results quoted above “both … point to 

the full deflection 1.75 of Einstein’s generalised relativity theory, the Sobral results 

definitely, and the Principe results perhaps with some uncertainty” while the result of 0.93 

from the Sobral astrographic telescope (to which Eddington attaches much less weight 

because of poor quality photographs, and does not quote an error) is described as “discordant 

by an amount much beyond the limits of its accidental error” (presumably from the Einstein 

value). This is a rather odd thing to say, since he has not quoted the “accidental error”! 

Normally, if a scientific result is found to be “discordant by an amount much beyond the 

limits of its accidental error” from a theoretical prediction, the theory is called into question; 

but here it is the experimental value that is found wanting. In fact, Earman and Glymour have 

calculated a standard deviation of 0.48 for the Sobral astrographic results, which suggests 

that it is no more than two standard deviations from both the Einstein prediction and a zero 

deflection, and considerably closer to the smaller deflection of 0.87 calculated from 

Newtonian theory on the basis of massive photons. On that basis one could not say that this 

result is in a position to falsify either theory. But Eddington seems to think that the Sobral 4-

inch result “definitely” points to Einstein’s prediction, whilst in the case of the Principe 

figure there is “some uncertainty”. It is not clear, though, what counts as “definite” here.    

 

Alistair Sponsel (a former MSc student at the London Centre for HSTM) has written an 

interesting paper focussing on the “public relations” side of the eclipse experiment. He quotes 

from an article in Nature by A.C.D.Crommelin, one of the participants in the experiment: 

“There are thus three possibilities: no shift, the half shift, or the full Einstein shift. The 

definite establishment of any one of the three as the truth would be an important addition to 

our knowledge of physics … [GR’s] definite disproof would also be of service …” 

[Crommelin, quoted in Sponsel p447]. Again we see references to “definite” outcomes, this 

time from one of Eddington’s assistants. Sponsel, given his overall theme, probably chose 

                                                           
5 If we designate the observed and theoretical (GR) deflections at radius r as ΔΦ

r
, δφ

r 
respectively and the 

theoretical deflection at the limb as δφ
0
, then from (4),     (   )   ⁄ . Comparing ΔΦr with δφ

r
, as Mayo 

seems to want us to do, 
,
is thus exactly the same operation as comparing (R

ʘ
/r) ΔΦr with δφ

0
, which she says 

violates use-novelty. 
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this passage to highlight what we might nowadays call the “sexing up” of the eclipse 

expedition, from an experiment that might enable scientists to rule out one theory or the 

other, to something that could give a definite ruling one way or the other. It is also probably 

the sort of language that inspired the young Popper. If the word was supposed to convey a 

precise meaning rather than being just wishful thinking, however, it is not clear what that 

meaning was. 

 

Eddington quoted the results for the three telescopes separately. Presenting three different 

results for a single experiment is a move that seems almost designed to attract criticism. 

Normally – nowadays at least – the appropriate data analysis technique for measurements 

which have different uncertainties but are believed to be equally valid is to compute a 

weighted mean: 

 

 ̅   
∑ (

  

  
 ) 

∑ (
 

  
 ) 

 ;        ( ̅)   [∑ (
 

  
 ) ]

   ⁄

     (7) 

 

If Eddington had done that, he would have had a single figure for the deflection and a single 

figure for its uncertainty. It is not clear why he did not, since the technique was clearly 

available then, having been mentioned by Gauss in 1809 [see Hald p356]. A cynic might 

suggest that this is because Eddington did not want the lower estimate to contaminate the 

higher ones; though because of the large uncertainty in this result, it would have carried a 

comparatively small weight. Using the weighted mean formula on the three results quoted by 

Eddington plus the uncertainty calculated by Earman and Glymour, we get an overall value 

of (1.82  0.16) seconds; if we discard the Sobral astrographic result, this becomes (1.93  

0.17) seconds. In fact the contribution of the Sobral astrographic results may be exaggerated 

here;  the uncertainty calculated by Earman and Glymour is based only on the standard 

deviation of the positions of the individual stars, as though they were sharp images, yet 

Eddington remarks in the paper that they were out of focus, so there should be an additional 

component of variation resulting from this, increasing the calculated value of  and thus 

reducing the weight.  

 

Earman and Glymour muddy the waters somewhat by comparing the Sobral result with the 

Einstein prediction, and the Principe figure with the Newtonian prediction, which seems a 

strange way of treating the data. They then make frequent reference, at the end of the paper, 

to Eddington having “thrown out” some of his data; yet all three results are reported in 

Eddington’s paper, the only missing part being the uncertainty in the Sobral astrographic 

result (though it seems this result may have been omitted entirely from the joint Royal 

Society/Royal Astronomical Society meeting held to announce the results). In fact, our 

hypothetical cynic now sees that Eddington, assumed to be trying to manipulate the data to 

confirm general relativity and refute Netwonianism, would have wanted to include all the 

results in his calculation, since the Sobral astrographic figure reduces the weighted mean by 

just enough to bring it within one standard deviation of Einstein’s prediction, while remaining 

some six standard deviations from the Newtonian prediction – far enough to reject Newton 

even by today’s standards. 

 

 

 

 



20 
 

10. Margins of Safety 

 

Eddington’s paper is rather vague on the question of interpreting the spread of the results of 

the eclipse experiment. In his book, Space Time and Gravitation, however, Eddington states 

that “it is usual to allow a margin of safety of about twice the probable error on either side of 

the mean” [Eddington p118]. This equates to 1.35 standard deviations, and we can be about 

82% confident that the true value lies within this range – so Eddington is able to claim that, 

on this basis, even the Principe results are “just about sufficient” to rule out the “half-

deflection”, while the Sobral 4 inch results “exclude it with practical certainty” [ibid.]. 

Perhaps this 82% confidence is what Eddington and Crommelin meant by “definite” proof or 

disproof. 

 

In The Golem, however, Collins and Pinch state that “Eddington calculated that the 

displacement at the edge of the sun would be between 1.31 and 1.91 seconds” [Collins and 

Pinch p49]. If taken literally, this statement suggests that Eddington saw the extremes of this 

interval as cut-off points – that the value must lie within this interval. Yet, since 0.30 seconds 

is the probable error, there is no basis for such a conclusion, as the confidence level for this 

range is only 50%. Collins and Pinch do not give a specific reference for the claim, and 

indeed it conflicts with the quotation from Eddington given above; so it is likely that they 

have simply misunderstood the significance of the quoted interval. Yet they clearly do 

understand its probabilistic nature: “a modern treatment would suggest that … there is a 10% 

chance that the true answer lies further from the mean measurement than 1.5 standard 

deviations either side” [ibid.; my emphasis].
6
 But there is no evidence that there has been a 

change in this particular aspect of data analysis since Eddington’s time; the figures they quote 

are simply numbers read off from a normal distribution table, and the table itself has not 

changed - the only thing that might have varied is the number of standard deviations 

scientists prefer to take as their threshold. If Eddington is right, in 1919 that number was 

1.35. Deborah Mayo, however, in her investigation of the Eddington experiment, enumerates 

her “severity criterion” as 2 standard errors [Mayo p283].
7
 She points out that her concept of 

a severity criterion is similar, but not identical, to Popper’s [ibid. p207] but does not explain 

where she gets this particular (2) criterion from, or how much support it enjoys in the 

scientific or philosophical communities.
8
 And as we have seen, a ~3 threshold was preferred 

by Edgeworth, some 35 years before Eddington.  

 

It is possible that, rather than there having been a change in what is regarded as “usual”, there 

simply is no “usual”, and we are just seeing the different preferences of different scientists 

and statisticians at different times and under different circumstances, as R.A.Fisher suggests 

in Scientific Methods and Scientific Inference: “no scientific worker has a fixed level of 

significance at which from year to year, and in all circumstances, he rejects hypotheses; he 

rather gives his mind to each particular case in the light of his evidence and his ideas” [Fisher 

p42]. If he is right, there can be no over-arching criterion of falsification, and falsificationism, 

even in its weaker manifestation as a test against an arbitrary but universally agreed standard, 

is impossible. 

                                                           
6 Actually the 10% significance level corresponds to 1.64 standard deviations rather than 1.5, but let us not 

quibble about such things. 
7 A term she uses interchangeably with standard deviation. 
8 She is, to some extent, following Fisher in using an example of his which features the Normal distribution as a 

limiting case of the binomial distribution; this involves a binomial experiment with N=100 and p=0.5, and thus 

suggests  = 0.05; her severity criterion is 0.6, which thus suggests (       )       ⁄  standard deviations, 

although this is never clearly stated [Mayo p153ff]; but note what Fisher himself says in the quotation above. 
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Fisher’s claim does chime with my own experience in physics. Although a 3 criterion seems 

to be common in high energy physics, it is not universal even in that discipline; more 

significantly, there is no mechanism of which I am aware by which a standard uncertainty 

interval might be agreed by a particular research community, let alone by the scientific 

community as a whole.  It would perhaps be interesting to survey attitudes to this in all 

branches of science, now and at various points in history, but that would go well beyond my 

current remit and resources. One is tempted to assume instead that the authority of a figure 

such as Fisher places it beyond the need for such verification. Besides, it is now time to look 

into the evolution of the error distribution itself. 

 

11. A Tale of Two Tails 

 

In 1849, Augustus de Morgan wrote to the Astronomer Royal, George Airy, about the 

distribution of random errors. He included a sketch of the curve as he saw it (see fig. 2), and 

sought Airy’s opinion of it: “Supposing you were drawing a diagram for an elementary work 

… what should you draw?” [de Morgan, quoted in Stigler 1999 p408-409]. De Morgan 

described the curve in his letter (see fig 2), and referred to the distance OA as “the positive 

error which it would be justifiable to shoot a man for supporting the possibility of”. 

 

 
Figure 2: de Morgan's error distribution [Stigler 1999 p409] 

 

Airy replied the next day: “I should … construct the desired curve by a formula, and … I 

recommend you to … graphicize     
 
. It will surely produce something very much like what 

you want, with the addition of two tails very much like the fine whipcord at the end of a four-

in-hand persuader, with this difference however in effect, that whereas said whipcord is 

persuasively important, your two tails will be for probability unimportant” [Airy, quoted in 

Stigler 1999 p409-410]. 

 

However, all is not as it seems here. Stigler points out that at that time “de Morgan was no 

stranger” to the formula Airy quoted, and describes his question as “phrased so as not to 

prejudge the answer”. Sure enough, an early draft manuscript of de Morgan’s “Errors of 

Observation” held in the de Morgan archive at Senate House Library, London, written two 

years before the letter to Airy, includes a derivation of the formula [see de Morgan 1847]. So 

perhaps de Morgan was simply testing Airy’s knowledge. Nevertheless – leaving aside any 

speculations as to de Morgan’s motivation, together with the rather worrying references to 

shooting and whipping – this colourful exchange is a good example of the two ways of 

interpreting uncertainty that I have descibed above. The distribution sketched by de Morgan, 

with its absolute cut-off points, could be used to falsify theories provided that one could find 

an acceptable definition for the circumstances which might justify shooting a man; but not 

only would the formula for the curve be cumbersome: 
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it would also offend against a deep-seated belief that our descriptions of nature should be 

expressed in terms of smooth, continuous functions. Airy’s suggestion – which is effectively 

the same as the formula used for the Normal distribution today – fulfils this requirement, but 

does not have cut-off points and therefore poses problems for falsificationism.  

 

12. Uncertainty in History 

 

At the time de Morgan wrote his letter, uncertainty was already at least a century old. M. 

Norton Wise describes the late 18
th

 century as a time when exact measurement was emerging 

“as a general characteristic of the physical sciences” [Norton Wise p3]. He explains the push 

towards precision at this time as a consequence of social and political factors, specifically 

“attempts to extend uniform order and control over larger territories” [ibid. p5] and the 

mathematisation of science as deriving from “the needs of administrators for reliable 

information about particular aspects of the world in order to be able to make reasonable 

plans”; the source of such developments can be found “more nearly in the requirements for 

regulating society and its activities than in the search for mathematical laws of nature” [ibid.] 

He cites, in particular, William Thomson’s well-known interest in measurement and well-

established units as motivated by the demands of the telegraph industry, “which increasingly 

served as the medium of imperial government and international commerce” [ibid.] Of the 

particular 18
th

 century scientific investigations I highlight below, the work of Mayer on the 

libration of the moon (detailed below) is described by Stigler as of great scientific 

importance, but also as having “commercial, and even military significance” because of its 

implications for navigation, while Euler and Laplace’s work on Jupiter and Saturn was 

motivated mainly by philosophical concerns about the stability of the solar system (and 

religious questions, going back to Netwon’s time, of whether God was needed to stabilise it 

occasionally).   

 

Scientists were forced to take uncertainty into account when the result of  an experiment 

produced more data than the number of unknown quantities being calculated; all the while 

these numbers were the same, it was possible, using simple algebra, to find a unique and 

consistent set of values for the unknown parameters, and to then assert that these values were 

precise. Others (who might have obtained different values) would not necessarily agree; but 

at least the values obtained by each scientist were consistent. But if there were more 

observations than there were unknowns, this could not, in general, be done. Stigler [1986, 

pp18-28] illustrates the situation at the mid-point of the 18
th

  century by contrasting two 

approaches to this problem – the first by Leonhard Euler, who, in the course of an 

investigation of the perturbations of the motions of Jupiter and Saturn in 1749, was faced 

with 75 equations in eight unknowns. He gave up in despair, complaining that “from these 

equations we can conclude nothing” [Euler, quoted in Stigler 1986, p27]. The problem was 

that simply choosing eight of the 75 equations and calculating the unknowns would produce 

results that depended on the choice of equations.  

 

A year later, Johann Tobias Mayer obtained 27 equations in three unknowns from his 

observations of the libration of the moon. He divided the 27 into three groups and added the 

equations within each group, to produce three equations in three unknowns, which could be 
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solved uniquely. He then estimated the uncertainty by comparing his result with that obtained 

by choosing a set of three equations from the 27 and solving them; he reasoned that the 

former result would be nine times more accurate. 

 

Stigler relates these stories in the context of progress towards the method of least squares, and 

the problem (which seems trivial to modern eyes) of how to average a set of data; these 

initiatives led eventually to the normal distribution.  

 

One of the earliest attempts to deal with the problem of averaging data was that of Thomas 

Simpson in 1755. Since his initial interest was in the binomial distribution, where the 

outcomes are integers, he began by assuming integer errors in the range [-v,v] with various 

probabilities. Two years later, however, he broadened his approach to a situation in which 

“the error admits of any value whatever”, although, as with his integer errors, they still had to 

lie “within the proposed limits” [Stigler p95]. He postulated a triangular error distribution, in 

which the probability density fell linearly from some value at the midpoint (x = 0) to zero at 

the end-points (x = m):  

 

 ( )                         (        ) 
                                                                                       (     ) 
 

Stigler calls this a crucial step; the 1757 paper is “frequently cited now as the first publication 

of a continuous error distribution” [ibid.] (though it was not, of course, smooth – the first 

derivative being discontinuous at all three points mentioned above). Three years later, Johann 

Heinrich Lambert stated that “the distribution of random errors is continuous, unimodal, 

symmetric, and of limited range” [Hald p80]. He introduced a semicircular distribution, 

 

 ( )   
 

   
√   (   ) , 

 

then a different one which is reproduced by Hald [p81] as a graph but not as a formula; it 

resembles the Normal curve in that it has points of inflexion, but is still of limited range. 

 

In 1774, Pierre-Simon Laplace proposed the “double exponential” density – a function which 

is continuous, and smooth everywhere except at the mean, where the first derivative is 

discontinuous: 

 

 ( )   
 

 
       

 

although Stigler notes that Laplace “lacked a notation for absolute value” [Stigler 1986 

p111]. This was the first error distribution to have “infinite support” (i.e. non-zero values for 

all x). Laplace defended this aspect of it by asserting that the value for large |x| “is so small 

that it may be regarded as zero” [Hald p177]. But three years later, he replaced it with a 

different function: 
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This curve has the advantage of finite cut-off points (x =  a) but it has a singularity at x=0. 
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Stigler tells us that, of these two distributions, Laplace “considered neither to be totally 

successful” [Stigler 1986 p109] and describes the second one as “as unattractive a curve for 

analysis as statistics has produced in over two centuries” [ibid. p122]. 

 

In 1787, Laplace took up the question of the motions of Jupiter and Saturn. He used a method 

similar to Mayer’s, but allowed the groups of equations being combined together to overlap 

(Mayer’s groups having been disjoint). Using this technique he was able to show that the 

apparently irregular motions seen in these two bodies were actually periodic, which enabled 

him to conclude that God was not needed to keep the solar system stable, and to famously 

declare that he “had no need of that hypothesis”. 

 

In 1809, Carl Friedrich Gauss published a book on the motion of heavenly bodies, at the end 

of which was a derivation of the normal distribution as an error distribution. In fact, as early 

as 1733, Abraham de Moivre had derived the same distribution as an approximation to the 

binomial distribution; Daniel Bernoulli had done likewise in 1771 [see Hald p84] but neither 

de Moivre nor anyone else linked it to the idea of an error distribution before Gauss. As 

Stigler says, “It may appear surprising at first glance that [de Moivre’s] contemporaries could 

have missed the potential in this masterful work; yet this is exactly what happened” [Stigler 

1986 p85].     

 

Gauss’s work soon caught the eye of Laplace, who had already derived the central limit 

theorem, which states that “any sum or mean … will, if the number of terms is large, be 

approximately normally distributed” [Stigler 1986 p137]. This put the normal distribution on 

a firmer footing, since Gauss’s own derivation of it was much criticised. The combined 

efforts of Gauss and Laplace are referred to by Stigler as the Gauss-Laplace synthesis, “one 

of the major success stories in the history of science” [ibid. pp157-158]. Yet the puzzling 

exchange of letters between de Morgan and Airy mentioned earlier suggests that there may 

have been some doubts about Gauss’s distribution as late as 1849. Airy was, in fact, 

according to Gooday, “the first British proponent of continental error theory” [Gooday p74], 

but it is not immediately clear how long Gauss’s ideas took to reach Britain. As late as the 

1920s, as we have seen, Campbell was able to dismiss the Gaussian theory’s popularity as 

mere “superstitious reverence”, and lament the fact that, as a result, “no effort has been made, 

during all the years of its prevalence, either to invent alternative rules or to accumulate the 

data by which a decision might be made between the Gaussian rules and any possible 

alternatives” [Campbell p162].  So, while it has undoubtedly done a great service to the 

analysis of experimental data (and even Campbell made reluctant use of it), the distribution is 

not without problems and dissenters.  

 

Unfortunately, some of the literature on this topic is mired in confusion and muddled 

thinking. Some of this arises from the change in the meanings of various terms in the 

intervening years; for example, Stigler quotes Legendre on the method of least squares, in 

which he describes a system of equations                   in which a,b,c etc 

are described as “known coefficients, varying from one equation to another”, and x,y,z etc as 

“unknown quantities, to be determined” [Stigler 1986, p13]. Nowadays we would call the 

unknown quantities coefficients (which form part of the model being fitted), the known 

quantities being our experimental data, although (even more confusingly) the coefficients are 

still given the letters a,b,c etc while the data are x,y,z etc. Stigler’s real sin here is not in 

quoting Legendre, but in failing to point out that, although “we would probably join Legendre 

in calling the E’s ‘errors’” [ibid.], the terms used to denote the other quantities have been 

swapped. 
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A greater transgression is found in Kathryn Olesko’s account of precision in 19
th

 century 

Germany, The Meaning of Precision. She says that “according to Gauss and Legendre, the 

most likely value of a measurement was that for which the sum of the squares of the errors – 

the error generally taken to be the difference between the measurement itself and the average 

value of all the measurements in the group, given a sufficiently large number of 

measurements – was a minimum” [Olesko p106]. Yet we have just seen that Legendre did not 

define error in this way; and while it is true that, as Stigler points out, Legendre cited the 

arithmetic mean as a special case of least squares (where the equations are all of the form 

          ) – the unknown here is , the sole coefficient, or “true value”, and not the 

mean of the measurements. In fact if we define error in the way Olesko defines it, there is 

nothing to minimise, since there are no coefficients! 

   
13. Truth 

 

If the point of this dissertation had been merely to criticise Popper, it probably would not 

have been worth writing. Popper has been criticised many times before, and the idea that his 

falsificationism is an unattainable ideal is nothing new. And yet  it is perfectly clear that 

falsificationism of a sort is practised in science, and works very well, provided we agree on 

the threshold; so a criticism of falsificationism on such grounds might be seen as somewhat 

nit-picking. 

 

But there is a much more important sacred cow being led to the slaughter. If we cannot say 

that any particular theory is false – without inventing our own definition of the meaning of 

falsity – then what is the use of such a concept as falsity, or, indeed, of truth?      

 

Truth is a concept that is of interest to both scientists and philosophers; but the interpretation 

of that term is very different in the two disciplines. Philosophy has traditionally proceeded 

from basic axioms or assumptions, via logical deduction, to statements about the universe 

that are regarded as either true or false, but cannot be anything in between. Science, on the 

other hand, uses observations to construct or test theories about the universe. It is generally 

acknowledged that observations cannot lead to universally true statements about the world; 

this is the problem of induction.  

 

The concept of a theory being approximately true is often used by philosophers of science 

without them actually defining the term. Larry Laudan points this out in A Confutation of 

Convergent Realism: “Unfortunately, few of the writers of whom I am aware have defined 

what it means for a statement or theory to be ʽapproximately true’ [Laudan p1124]. Laudan 

suggests a possible definition in a footnote: “A non-realist might argue that a theory is 

approximately true just in case all its observable consequences are true or within a specified 

interval from the true value” [ibid., p1134n13]. It is still not clear from this definition, 

however, what “the true value” refers to; if all we have at our disposal are observed values, 

whose relation to the true value (if such a thing exists) we cannot be sure about, then surely it 

would make more sense to substitute the word “observed” for “true”? But even then, how are 

we to decide – in assessing whether or not a theory is approximately true – on the size of the 

“specified interval”?  

 

Laudan offers another candidate for the definition of approximate truth: “Suppose … we 

were to say … that a theory T1 is approximately true if its truth content is greater than its 

falsity content” [ibid.,  p1124]. These terms are explained, in turn, as “the cardinality of the 



26 
 

set of true sentences entailed by T1” and “the cardinality of the set of false sentences entailed 

by T1” respectively. Laudan dismisses this on the basis that it is possible for all the 

observable consequences of such a theory to be false; yet there is surely a more fundamental 

objection, in that theories do not generally entail finite sets of “sentences”, whether true or 

false, so the comparison would be rather hard to make. 

 

Stathis Psillos gives an example of approximate truth in his Philosophy of Science A-Z: “The 

statement ʽJohn is 1.70 metres tall’ is false if John is actually 1.73 metres tall, but still 

approximately true” [Psillos 2007, p13]. But then, at what point would a statement ʽJohn is X 

metres tall’ cease to be approximately true? Would it still be approximately true if X = 1.9? If 

X=2? If X=10? Clearly the “specified interval” is all-important here; but who specifies it? If 

we now try to think about how we might define “truth” as opposed to “approximate truth”, 

we find that the definition would be very similar – as explained in the preceding sections of 

this dissertation, there must still be a “specified interval”; so there appears to be no real 

distinction between “truth” and “approximate truth”. 

 

Bas van Fraassen comes up with a slightly different version; he says that “belief that [a] 

theory is approximately true … seems to mean belief that some member of a class centring on 

the mentioned theory is (exactly) true” [van Fraassen p1067]. He is presumably referring here 

to a class of theories, which are similar to one another but differ in respect of one or more 

parameter. Here, leaving aside the question of what we mean by “exactly true”, we still need 

to specify the degree of similarity or dissimilarity that is allowed before we cease to describe 

the theories as a class, and once again it is not clear how, or by whom, this is to be done.  

 

Psillos does not get any nearer to defining approximate truth in his book Scientific Realism: 

How Science Tracks Truth; however he does survey several attempts to define “truth-

likeness”. One of these is Popper’s view that “the aim of science should be the development 

of theories with higher degrees of verisimilitude (likeness to truth)” [Psillos 1999 p261]. This 

is the “truth-content” approach that I have already dismissed because of its dependance on the 

idea of finite sets of consequences, or sentences, that are labelled as true or false. And yet the 

concept of progress towards the truth is surely an important aspect of science; we want to be 

able to say, for instance, that special relativity is superior in some way to Newtonian 

mechanics, but when we say this we are not talking about sets of sentences, but better 

agreement with observation – for instance, the observed cosmic muon flux at the earth’s 

surface. On the basis of the same set of assumptions (muon lifetime, cosmic ray flux in the 

upper atmosphere, decay modes etc) both theories predict a value for the surface muon flux, 

but special relativity gives a value closer to the observed value. We can of course quantify 

“closeness” in terms of the experimental uncertainty.    

 

Psillos next turns to the “possible worlds” approach of Oddie and Niiniluoto [ibid., pp264-9]. 

This introduces the important idea of a quantitative “distance” between a theory (a possible 

world) and the actual world; but it is done by a process which involves assigning weights to 

the various “traits” that make up the theory, and Psillos does not say where these weights 

come from. And the traits themselves still have to be either “true” or “false”.   

 

Finally he describes the “semantic view” due to Ronald Giere. Despite its name this appears 

to be the most promising candidate, consisting as it does of theoretical models on the one 

hand, the physical world on the other, and theoretical hypotheses linking the two. Giere, as 

quoted by Psillos, speaks of models being “very close to” or “relevantly similar to” the 

physical world [ibid. pp274-5]; a theoretical description is “truth-like to the extent that it is 
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roughly right in what it says about what it describes” [ibid. p275, my emphasis], examples 

given being the Newtonian two-particle system as a model of the earth-moon system; and 

Kepler’s Laws as descriptions of planetary motion. Yet there is no attempt to define what 

these terms mean. Furthermore, these theoretical hypotheses apparently have to be either true 

or false for Giere.  

 

Eventually Psillos does get around to saying that “a perfect match between theories and the 

world is almost impossible”; this is partly because “almost no experimental result is error-

free” [ibid. p276]. Note the word “almost” here. Psillos, along with so many of his 

contemporaries, still clings to the idea that there might be an experiment that would deliver 

Popper’s “complete assurance”.  

 

Psillos’s own approach to this question distinguishes (but not very well) two sources of 

discrepancy: as well as the inevitable one between experiment and theory, there are theories 

with different degrees of idealisation, such as the modelling of Mars’ orbit around the sun by 

a Newtonian two-particle system as opposed to a many-body system. Psillos says the 

derivation of Kepler’s Laws from the former model is “strictly false”, but that it is also 

“truth-like”, because the gravitational effects of the other planets are “negligible” [ibid]. But 

this is yet another word that he fails to define. He sums up by describing the approximation 

required in order to get from theory to reality as “qualitative”; but it is only qualitative 

because there is no agreed numerical definition of closeness! If, say, everyone could concur 

that a theory that is within 3 of experiment is considered “true”, all the vagueness associated 

with these statements would vanish. But everyone does not concur, so we must presumably 

remain vague. 

 

As suggested by the title of Psillos’s book, the question of truth is particularly relevant to the 

realism/antirealism debate. I have argued elsewhere [Grozier 2012a] that the existence of 

alternative models to describe the same phenomena implies that we cannot really have just 

one “truth”. But if instead we speak of approximate truth – properly defined, of course – this 

allows us to accept different models which describe the physical world with different degrees 

of precision. 

 

A slightly different approach is that suggested by Hasok Chang in Is Water H2O? Here, 

Chang outlines his philosophy of active realism, claiming that “we can gain new and better 

insights by thinking of knowledge not as consisting in belief but in ability – an ability to do 

certain things reliably as intended” [Chang 2012 p215; my emphasis]. He is concerned more 

with “knowing how” than with “knowing that”. This harmonises well with the way scientific 

theories are viewed by scientists themselves. A scientist would not naturally describe, say, 

Newtonian mechanics as “false”, even though it is common knowledge that it has been 

superseded by relativity, both special and general, and also by quantum mechanics. 

Depending on what he or she actually needs to do, the Newtonian theory might turn out to be 

perfectly adequate. By “perfectly adequate” here I mean that the theory will give answers that 

are within the specified tolerance; so if the problem at hand concerns terrestrial ballistics and 

requires an answer to within a few metres, Newtonian mechanics is sufficiently “true” (as 

indeed might be a simplified version of it where the gravitational field is constant) for such 

purposes; but if high velocities, large masses or very small objects are involved, one of the 

aforementioned more accurate theories may be needed. 
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14. Conclusion 

 

I was motivated to write the essay by a perception that Popper’s falsificationism did not relate 

very well to the way science is actually practised, at least in physics. In the course of writing 

it, I found no reason to change this view, and additionally I became fascinated by the question 

of how measurement is actually carried out, how uncertainty parameters are incorporated into 

measurement, and how they are interpreted; this led to the current larger work.  

 

I looked into the question of qualitative and quantitative predictions, and found that many 

statements which are thought to be qualitative are actually quantitative. I concluded that there 

is a small class of predictions which are genuinely qualitative, and that these are discrete in 

the same sense as the natural numbers; but the great majority of predictions in at least the 

physical sciences are quantitative. 

 

One of the things I hoped to uncover was a universal criterion for the interpretation of 

uncertainty. Like any scientific quest – the search for the Higgs boson being a recent example 

– while finding what you are looking for is interesting, not finding it is even more interesting. 

My inability to find such a universal criterion may point simply to poor or inadequate 

research on my part; nevertheless it appears to me at the moment that there is little evidence 

that such a thing exists, and I am tempted to side with Fisher when he says that the criterion is 

whatever each individual scientist makes of it at the time.  

 

Without such a criterion linking measurement, uncertainty and truth, not only does 

falsificationism fall apart, but so does the philosophers’ aim to interpret scientific 

observations in terms of absolute truth and falsity. What remains is uncertainty. 
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